The simplest singularities of smooth mappings are fold singularities. We say that a mapping f is a fold mapping if every singular point of f is of the fold type. We prove 1 that for a closed orientable 4-manifold M 4 the following conditions are equivalent:
Introduction
In this paper we study singularities of smooth mappings into orientable manifolds N 3 of dimension three and answer the question for which manifolds M a mapping M → N 3 without certain singularities exists.
Before we discuss types of singularities and invariants of singularities for mappings into 3-manifolds, let us review some remarkable results on the analogous questions for mappings between 2-manifolds.
The singularities of mappings between 2-manifolds were studied in [23] by Whitney. He showed that every continuous mapping between 2-manifolds M 2 and N 2 can be approximated by a mapping f : M 2 → N 2 , which has only three types of points: regular points, fold singular points and cusp singular points. By definition a point p of M 2 is a regular point of the mapping f if the restriction of f on some neighborhood of p is a diffeomorphism. A point p is called a singular point of the fold or cusp type if in some coordinate neighborhoods about the points p and f (p) the mapping f has the form f (x, y) = (x, y 2 ) or f (x, y) = (x 3 + xy, y)
respectively. It follows that the set of the regular points of a mapping f forms an open submanifold of M 2 , the set of the fold singular points constitutes a 1-dimensional submanifold of M 2 , and the boundary of the set of the fold singular points is exactly the set of the cusp singular points.
One may analyze how the set of the cusp singular points of a mapping changes under general position homotopy and find out that the parity of the number of the cusp singular points does not change. To find the parity for a mapping f : M 2 → R 2 , Thom [22] noticed that the mapping f and a nonsingular vector field on R 2 can be used to construct a vector field on M 2 . He showed that modulo 2 the set of the cusp singular points of f represents the homology cycle, which obstructs the existence of a nonsingular vector field on M 2 . Thus, the homology class represented by the set of the cusp singular points is Poincare dual to the Stiefel-Whitney class w 2 (M). In particular the parity of the number of the cusp singular points is the same as the parity of the Euler characteristic of M 2 .
Singularities of general position mappings from m-dimensional manifolds into surfaces are the same as singularities of general position mappings between surfaces. Namely, a general position mapping f : M m → N 2 has a 1-dimensional submanifold of fold singular points and some cusp singular points, which represents the homology class Poincare dual to w m (M).
The homology class of the cusp singular points of a mapping f : M m → N 2 gives an obstruction to the elimination of the cusp singular points by homotopy. In fact if the manifold N 2 is orientable, the homology obstruction is complete (see Levine [12] for the case m > 2 and Eliashberg [6] for the case m = 2).
The notion of singularities of mappings into 2-manifolds can be generalized in the following way. Let T M and T N denote the tangent bundles of the manifolds M and N respectively. For a smooth mapping f : M → N, the differential df : T M → T N is a mapping linear on every fiber of T M. The dimension of the kernel of df at a point x ∈ M is called the kernel rank of f at x and is denoted by kr x f . Let S i = S i (f ) denote the set of the points x ∈ M with kr x f = i. Suppose that dim M = m ≥ n = dim N. Then the points of the set S m−n are called regular. The other points of the manifold M are called singular. Though the union of all singular sets S i may be not a manifold, it is remarkable that if f satisfies some general position conditions (see section 5, then every set S i is a submanifold of M [4] . Suppose that f satisfies general position conditions. We consider the restriction f | S i 1 of f on the submanifold S i 1 and define S i 1 ,i 2 as the subset S i 2 (f | S i 1 ) of S i 1 . Again, for a general position mapping f , that is for a mapping which satisfies general position conditions, every set S i 1 ,i 2 is a submanifold of M and the definition may be iterated. Thus, the set S i 1 ,...,i k is defined by induction as S i k (f | S i 1 ,...,i k−1 ). The index I = (i 1 , ..., i k ) is called the symbol of the singularity. We will write S I for S i 1 ,...,i k . If x is a singular point of a type S I , then we say that x is an S I -point or I-singular point.
For the case considered by Whitney, the generalized definition of types of points agrees with the definition of the corresponding types given at the beginning of the introduction. Namely, the definitions of the regular points are the same and the sets of the singular points S 1,0 , S 1,1,0 correspond to the sets of the fold and cusp singular points respectively.
It is an interesting observation that the types of singularities of a general position mapping f : M m → N n , m ≥ n, depends only on the dimension of the range manifold N. In particular, general position mappings from manifolds of dimension m ≥ 3 into manifolds of dimension 3 have only fold, cusp and swallowtail singular points. Their symbols are (m − 2, 0), (m − 2, 1, 0) and (m − 2, 1, 1, 0) respectively.
Ando [2] showed that for an orientable m-manifold M m and an orientable 3-manifold N 3 , every homotopy class of a mapping M m → N 3 has a general position mapping without swallowtail singularities. We study the question which homotopy classes contain a fold mapping, that is a general position mapping without swallowtail and cusp singular points.
For a general position mapping from a closed manifold M m into an orientable 3-manifold the closure of the cusp singular points γ is a union of circles embedded into M m . As above the homology class represented by γ gives an obstruction to the existence of a homotopy eliminating the cusp singular points. Suppose that the homology obstruction is trivial. Then there is an orientable surface F ⊂ M m with boundary ∂F = γ. Suppose that the dimension of the manifold M m is greater than 4. Then we can modify F so that F satisfies some additional conditions, which provide the possibility to eliminate the curve of the cusp singular points by a homotopy with support in a neighborhood of F . One of the additional conditions on F is the emptiness of the intersection of F \ ∂F and the submanifold of singular points S. The restriction imposed on the dimension of M m is required to ensure that for F transversal to S, the intersection (F \ ∂F ) ∩ S is empty. Theorem 1.1 (for a proof see [19] ) If f : M m → N 3 is a general position mapping from an orientable manifold of a dimension m > 4 into an orientable 3-manifold, then the Z 2 -homology obstruction to the existence of a homotopy eliminating the cusp singular points is complete, i.e. a homotopy eliminating the cusp singular points of the mapping f exists if and only if the homology class represented by the curve γ is trivial. Furthermore, if m is even then the homology obstruction is trivial and therefore every homotopy class of mappings M m → N 3 has a fold mapping. This paper is devoted to the case m = 4. We will show that for a mapping f from an orientable 4-manifold M 4 into an orientable 3-manifold N 3 , the curve γ always bounds an orientable surface. In particular the homology obstruction is trivial. However in contrast with the case where the dimension of the domain manifold is greater than 4, it may happen that every surface F with boundary ∂F = γ intersects the 2-submanifold S and a homotopy eliminating cusp singular points along the surface F does not exist.
In fact M 4 ≈ CP 2 is the case. Saeki ([19] , see also [1] ) showed that every general position mapping of the standard complex projective plane CP 2 into R 3 has cusp singular points. Thus, the homology obstruction fails to detect the existence of fold mappings into 3-manifolds.
Results of the paper
The fact about CP 2 suggests that there is a secondary obstruction. It will be seen that the secondary obstruction is complete. In geometric terms this obstruction can be interpreted as follows. Given a general position mapping f : M 4 → N 3 , the set of the singular points is a surface S embedded into M 4 . General position homotopy changes S by immersed bordisms with singularities. In section 4 we will show that bifurcations of the surface of the singular points does not change the normal number e(S) of the surface S. Hence e(S) depends only on the homotopy class of the mapping f . Since the surface S is determined by f , we denote e(S) by e(f ) as well.
The intersection form defined on the free part of H 2 (M 4 ; Z) is a quadratic form. Let Q(M 4 ) denote the set of integers, which are taken on by this quadratic form. In sections 4 and 8 we will prove the main theorem. The proof of the first two theorems is based on the reduction of the problem to an algebraic topology task. The idea of the reduction is well illustrated by the Smale-Hirsh Theorem [10] .
Let T M and T N be the tangent bundles of smooth manifolds M and N respectively, and f : M → N a continuous mapping. The celebrated Smale-Hirsh Theorem states that a sufficient condition for the existence of an immersion M N homotopic to the mapping f is the existence of a bundle homomorphism T M → T N of rank dim M homotopic to df : T M → T N. The two bundles ξ = T M and η = f * T N over M give rise to another bundle HOM(ξ, η) over M. The fiber of HOM(ξ, η) is the set of the homomorphisms Hom(ξ x , η x ) between the fibers ξ x and η x of the bundles ξ and η over a point x ∈ M. The mapping f induces a section of the bundle HOM(ξ, η). If f is an immersion, then the induced section does not intersect the singular set {(g, y) ∈ HOM(ξ, η)| y ∈ M, g ∈ Hom(ξ y , η y ), and rank(g) < dim M}. There is an alternative formulation of the Smale-Hirsh Theorem. Namely, the mapping f is homotopic to an immersion if and only if there exists a continuous section of the bundle HOM(ξ, η) that does not intersect the singular set.
In [4] Boardman gives a generalization J(ξ, η) of the space HOM(ξ, η) and for every symbol I defines a submanifold Σ I ⊂ J(ξ, η). Every mapping f : M → N induces a section jf of the bundle J(ξ, η) over M. Moreover, if a mapping f satisfies some general position conditions (see section 5), then the singular sets S I (f ) coincide with the sets (jf ) −1 (Σ I ). We will use the Ando-Eliashberg theorem, which is an analog of the Smale-Hirsh Theorem [2] . The AndoEliashberg Theorem states that for a certain class of symbols I, a mapping without I-singularities exists if and only if there is a section of the bundle J(ξ, η) such that the image of the section does not touch the singular set Σ I (see section 5). Let f : M 4 → N 3 be a mapping from a closed 4-manifold M 4 into a 3-manifold N 3 . It follows [3] that the mapping f is a general position mapping if for every point p ∈ M 4 there are coordinate neighborhoods U about p and V about f (p) such that the restriction of the mapping f on U has one of the following types:
Definite fold singularity type
Indefinite fold singularity type
Cusp singularity type
Swallowtail singularity type
The coordinate neighborhoods U and V are called special or standard neighborhoods. We say that a general position mapping from a 4-manifold into a 3-manifold is a fold mapping (respectively cusp mapping) if it does not have cusp (respectively swallowtail) singular points.
It is known that every mapping can be approximated by a general position mapping [4] . As has been said, Ando showed that for every general position mapping f from an orientable compact 4-manifold to an orientable manifold N there is a homotopy eliminating the swallowtail singular points of f . We will assume that f has no swallowtail singular points.
Let S(f ), S + (f ), S − (f ) and γ = γ(f ) denote the singular set of f , the set of the definite fold points, the set of the indefinite fold points, and the set of the cusp points respectively. Then the set S(f ) is a 2-dimensional submanifold of M, the sets S − (f ) and S + (f ) are 2-submanifolds of S(f ) with boundaries and
The set γ is a 1-submanifold of S(f ). It is known that Z 2 -homology class of γ is trivial. In fact, the integral homology class of γ is trivial as well.
We denote the union of all components of S(f ) that have cusp points by C(f ) and define
Proof. Let K ≈ C + (f ) be an immersed surface in N 3 and the immersion is given by the restriction of f on
For every point p ∈ C + (f ) there are standard coordinate neighborhoods U about p and V about f (p). The surface K cuts V into two parts V 1 and V 2 . For every points q 1 ∈ V 1 and q 2 ∈ V 2 , the number of the components of f −1 (q 1 ) ∩ U is different from the number of the components of f −1 (q 2 ) ∩ U. Therefore, there is an orientation of the normal bundle of the immersed surface K. Since N is orientable, it implies that K is orientable as well. Hence C + (f ) is orientable.
Let us recall that a vector v(p) at a cusp point p is called a characteristic vector if there is a standard coordinate neighborhood of p such that v(p) = We adopt a convention to substitute the word 'bundle' for the phrase 'total space of a bundle'. For a vector bundle, we will identify the base with the zero section.
Bifurcations of singular set
The singular set S(f ) of a general position mapping f : M 4 → N 3 from a closed orientable 4-manifold into an orientable 3-manifold is a submanifold of M 4 . Homotopy of f gives rise to deformation of the singular set. If a homotopy of f is in general position, then the singular set changes by isotopy, except for finitely many moments when stable bifurcations of the singular set occur. The objective of this section is to describe the stable bifurcations of the singular set and define an invariant of the embedding S(f ) → M 4 , which do not change under homotopy of f .
We say that a homotopy F : M 4 × I → N 3 × I joining two general position mappings is a general position homotopy if it is a general position mapping. The definition of a general position mapping is given in section 5. In this section we will use a classification of singularities of general position mappings and the fact that every mapping has a C 1 -close approximation by a general position mapping. (1 − ε, 1] ⊂ I. We may assume that the homotopy F does not change the mapping in intervals T 0 and T 1 . As a mapping from a 5-manifold into a 4-manifold, the homotopy F has a C 1 -close approximation by a general position mapping. Moreover there is an approximationF which coincides with F on a neighborhood of M ×{0} ∪M ×{1}. SinceF is C 1 -close to F , the composition p •F : M 4 × I → I, where p : N 3 × I → I is a projection on the second factor, has no singular points. Therefore for every moment t 0 ∈ I, the inverse imagẽ
Thus,F can be considered as a new homotopy joining f 0 and f 1 , which as a mapping from a 5-manifold into a 4-manifold is in general position.
Lemma 4.1 guarantees that any two homotopic general position mappings can be joined by a homotopy in general position. By dimensional reasonings (see, for example, [4] ) general position mappings from 5-manifolds into 4-manifolds has types S 2 or S 3 . Suppose that a general position homotopy F : M 4 × I → N 3 × I joining two general position mappings f 0 and f 1 has singular points only of the type S 2 . Then the singular set of F is a submanifold of M × I. Therefore S(f ) defines an immersed bordism between the singular set of f 0 and f 1 . In general case, the singular set S(F ) is not a manifold, but a manifold with singularities [15] , which correspond to the singular points of F of type S 3 . Thom's arguments (see [22] , p.49) shows that every singular point of type S 3 of F has a neighborhood in S(F ) homeomorphic to a cone over the 2-dimensional torus.
Remark. There is a slight inaccuracy in arguments in [22] . In fact a small neighborhood of S r+1 in S r is homeomorphic to a cone not over S r ×S n−p+r but over (S r ×S n−p+r )/ ∼ , where ∼ is an equivalence relation which identifies points (x, y) ∈ S r × S n−p+r ⊂ R r × R n−p+r with points (−x, −y) ∈ S r × S n−p+r ⊂ R r × R n−p+r . Now let us introduce an invariant of a homotopy class of mapping M → N.
Let K be a 2-dimensional submanifold of an oriented closed manifold M 4 . Then the normal class or the Euler class of the normal bundle over K in M is a cohomology class e ∈ H 2 (K) (if K is nonorientable, then coefficients of H * (K) are twisted). We will identify the group H 0 (K) with Z. The number (e, [K]) is an integer, which is called the normal number of the embedded manifold K. We denote this number by e(K). Note that the sign of the normal class depends on an orientation of M 4 (see [13] ).
For a general position mapping f from a closed 4-manifold M 4 into a 3-manifold N 3 , its singular set is an embedded submanifold S(f ) of M 4 . We define the integer e(f ) as a normal number of the embedded 2-dimensional submanifold S(f ). The integer e(f ) appears to be invariant under homotopy of f :
Lemma 4.2 If f 0 and f 1 are two homotopic general position mappings, then e(f 1 ) = e(f 2 ).
The boundary of the singular set B of F is the union of the singular sets B 0 of f 0 and B 1 of f 1 . A regular neighborhood E of B in M × I is a 5-manifold. We set E 0 = E∩(M ×{0}) and E 1 = E∩(M ×{1}). Then E 0 is a regular neighborhood of B 0 and E 1 is a regular neighborhood of B 1 .
The singular set B is a retract of its neighborhood E. Therefore every system of local coefficients over B can be lifted to a system of local coefficients over E. Let A denote the set of S 3 -points. Then the set B \ A is a 3-manifold. Take a system of local coefficients over B \ A with fiber Z, which orients B \ A. Since the set A has codimension 3 in B, this system has an extension on B. Lift the extension on E and denote the lifted system of local coefficients by F . The restriction of F on any subset of E is also a system of local coefficients. It will be also denoted by F .
The numbers e(f 0 ) and e(f 1 ) can be defined in an alternative way. The Poincare duals to
Since the manifold M 4 is oriented, the homology groups H 0 (E 0 ; Z) and H 0 (E 1 ; Z) may be naturally identified with Z. By definition of the Euler class, the integers α 0 ∩ [B 0 ] ∈ H 0 (E 0 ; Z) and α 1 ∩ [B 1 ] ∈ H 0 (E 1 ; Z) are equal to the normal numbers e(f 0 ) and e(f 1 ) respectively. Let us identify the groups H 0 (E 0 ; Z) and H 0 (E 1 ; Z) with the group H 0 (E; Z) by the inclusion homomorphisms. To prove that e(f 0 ) = e(f 1 ) it suffices to show that
bounds a 1-chain in E. The latter holds since
The invariant e(f ) allows to give a necessary condition for the existence of a fold mapping into N 3 . In the later sections we will prove that this condition is also sufficient.
With every 4-dimensional manifold M 4 we associate the set Q(M 4 ) of all integers which are represented as normal numbers of some orientable surfaces in M 4 .
Proof. The singular set of a fold mapping consists of the surfaces S − (f ) of the indefinite fold singular points and S + (f ) of the definite fold singular points. Therefore e(f ) = e(S − (f )) + e(S + (f )). In [17] (see also [1] ) it is proved that e(S − (f )) = 0. It implies e(f ) = e(S + (f )). Since S + (f ) is orientable (see Lemma 3.1), we conclude that e(f ) ∈ Q(M 4 ).
Corollary 4.1 Suppose that the homotopy class of a mapping f contains a fold mapping. Then e(f ) ∈ Q(M).
Reduction to an algebraic topology problem
To prove that e(f ) gives a sufficient condition to the existence of a homotopy eliminating the cusp singular points of f and to calculate the value e(f ) we need some results due to Boardman, Ando, and Eliashberg. In this section we formulate the Ando-Eliashberg theorem and review a definition of singularities given by Boardman.
Let M and N be two smooth manifolds. A germ f at x ∈ M is a mapping from a neighborhood about x in M into N. Two germs are equivalent if there exists a neighborhood of x where the germs coincide. A k-jet is a class of ∼ k -equivalence of germs. Two germs f and g at x are ∼ k -equivalent if at the point x the mappings f and g have the same partial derivatives of order ≤ k.
The set of all k-jets J k (M, N) is called the k-jet space. The k-jet space is a bundle with respect to the projection J k (M, N) → M that takes a k-jet at x into the point x. There are natural projections J r (M, N) → J r−1 (M, N), which give rise to the inverse limit J ∞ (M, N) = lim ←− J r (M, N) called the jet space. A function on the jet space is smooth if locally it factors through the projection on some k-jet space. A vector of the tangent bundle to the jet space is a differential operator. We say that a subset of the jet space is a submanifold if it is the inverse image of a submanifold of some k-jet space.
The set of the germs determined by a smooth mappings f : M → N defines a jet section jf :
There is a subbundle D of the tangent bundle of the jet space such that for every smooth mapping f : M → N and every point x of M the differential of the section jf is an isomorphism d x (jf ) : T x M → D y of the tangent plane at x and the fiber of the bundle D over y = jf (x). We will identify D y with T x M.
Every 1-jet at a point x ∈ M determines a homomorphism T x M → T f (x) N. Let y be a point of the jet bundle and K y ⊂ D y the kernel of the homomorphism defined by the 1-jet component of y. Boardman proved that for every i 1 the set N) . Let I r denote the set of r integers (i 1 , ..., i r ) such that i 1 ≥ ... ≥ i r . Suppose that the submanifold Σ I r−1 has been already defined. Then define
Boardman proved that for every symbol I r the set Σ I r is a submanifold of
A mapping f is called a general position mapping if the section jf is transversal to every submanifold Σ I . Using the Thom Strong Transversality Theorem (see [3] or [4] ), one can prove that every mapping can be approximated by a general position mapping. For a permutation σ r of r elements, let σ r I r denote the set of integers (σi 1 , ..., σi r ). We will omit the index r in the symbols I r and σ r if it does not lead to misunderstanding. If ζ is a vector space, then
• ζ denotes the vector space defined as the vector space ⊗ r ζ factored by the relation of equivalence: v 1 ⊗v 2 ⊗...⊗v r ∼ w 1 ⊗w 2 ⊗...⊗w r if and only if there is a permutation σ such that v i = w σ(i) for i = 1, ..., r. The space • r ζ is called the symmetric r-tensor product of ζ. As in the example at the end of section 2 for every r, the bundles ξ and η give rise to the bundle HOM(• r ξ, η). The fiber of HOM(• r ξ, η) over a point x ∈ M is the set of the homomorphisms Hom(• r ξ x , η x ) between the fibers • r ξ x and η x of the bundles • r ξ and η over x. The space HOM(ξ, η) in the formulation of the Smale-Hirsh Theorem is generalized by the bundle
over M (see paper [14] of Ronga). As above we define S ∞ (ξ, η) as the inverse limit lim ←− S r (ξ, η).
Let kr(g) denote the rank of the kernel of a linear function g. A point of the jet bundle over a point x ∈ M is a set g = {g i }, which consists of homomorphisms g i ∈ Hom(• i ξ x , η x ). We set
Let Kh and Ch respectively denote the kernel and cokernel of a homomor-phism h ∈ Hom(ξ, η). The composition of natural homomorphisms Hom(ξ • ξ, η) → Hom(ξ, Hom(ξ, η)) → Hom(Kh, Hom(Kh, Ch))) takes the homomorphism g 2 ∈ Hom(ξ x • ξ x , η x ) into some homomorphismg 2 . We defineΣ
Suppose we a given a continuous mapping f : M → N. Then without loss we can simplify the spaces J k (M, N). The space J k (M, N) may be viewed as a bundle over M × N. Therefore the mapping id × f : M → M × N, where id is the identity mapping of M, induces some bundle J k (M, f, N) over M. In what follows we will suppose that a mapping f is given and we will write simply
The bundle J r (M, N) is isomorphic to the bundle S r (ξ, η), where ξ = T M and η = f * T N. Moreover there is an isomorphism of bundles S ∞ (ξ, η) and J ∞ (M, N) which takesΣ i 1 andΣ i 1 ,i 2 isomorphically into Σ i 1 and Σ i 1 ,i 2 respectively. We are interested in singularities of types I = i 1 and I = (i 1 , i 2 ). That is why we identify S r (ξ, η) with J ∞ (M, N) andΣ I with Σ I , where I = (i 1 ) or I = (i 1 , i 2 ). Also we will write J ∞ (ξ, η) for S ∞ (ξ, η).
Let m = dim M, n = dim N, i = max{1, m−n+1}, ξ = T M, and η = f * T N. Let I 1 denote the sequence (i, 0) and for every r the symbol I r denote the sequence (i, 1, ..., 1) of length r. The points of the set Σ Ir are called Morin singular points. We denote the union of the regular points Σ i−1 and the Morin singular points with index of length at most r by Ω r = Ω r (ξ, η). Then Ω r is a bundle over M. In particular the Ando-Eliashberg theorem reduces the question on the existence of a fold mapping to the problem of finding a continuous section of the bundle Ω 1 . The bundle Ω 1 can be induced by an appropriate mapping from the universal bundle, which is defined as follows. Let BSO m and BSO n denote the Grassmann manifolds. The projections of BSO m × BSO n onto the first and the second factors induce from the universal bundles over BSO m and BSO n two bundles over BSO m ×BSO n , which we denote by E m and E n respectively. As above the bundles E m and E n give rise to a new bundle J ∞ (E m , E n ) over BSO m × BSO n . Let f : M → N be a smooth mapping from m-manifold into n-manifold. There are characteristic mappings τ m : M → BSO m and τ n : N → BSO n inducing the tangent bundles from the universal bundles. It is easily verified that the mapping µ = τ m × (τ n • f ) : M → BSO m × BSO n induces from the bundle J ∞ (E m , E n ) the bundle equivalent to the bundle J ∞ (ξ, η) defined above. The bundle J ∞ (E m , E n ) is called a universal jet bundle (compare with [9] ). As above we can define subbundles Ω r (E m , E n ). Note that the induced bundle µ * (Ω 1 (E m , E n )) is equivalent to the bundle Ω 1 (ξ, η).
Corollaries of the Ando-Eliashberg theorem
The proof of Theorem 5.1 in [2] shows that the relative version of Theorem 5.1 is valid as well. In other words suppose that U is an open set in M and s : M → Ω r is a section such that the restriction of s on a neighborhood of M \ U is a jet j ∞ g of some smooth mapping g. Then there exists an extensioñ g : M → N of g| M \U such that j ∞g is a section of Ω r and s is fiber-wise homotopic to j ∞g in Ω r relatively to M \ U.
The space J ∞ (ξ, η) is infinite dimensional. For almost all our work it will be sufficient to consider finite dimensional jet bundle J 2 (ξ, η). Formulas similar to (1) and (2) define subsets Σ
We denote the analog of Ω r by Ω For a section s : M → Ω r we define the singular set S I (s) as the inverse image s −1 (Σ I ). The proof of the Ando-Eliashberg theorem shows that the existence of a section s implies the existence of a fold mapping g such that S I (s) = S I (g) for all I = I 1 .
For a mapping f into an orientable 3-dimensional manifold we obtain as a corollary of the Ando-Eliashberg theorem that the existence of a homotopy eliminating the cusp singular points is independent from f . Proof. By Ando-Eliashberg theorem, the homotopy class of f contains a fold mapping if and only if there is a section
. The latter does not depend on f and T N 3 since the tangent bundle of an orientable 3-manifold is trivial.
Surgery of γ(f )
The restriction of a cusp mapping f on a curve of cusp singular points γ is an immersion. To simplify arguments we make f | γ an embedding by a slight perturbation of f in a neighborhood of γ. Let ν be a field of characteristic vectors on γ. We say that an orientable surface H is a basis of a surgery (see Eliashberg [7] ), if
(1) ∂H = γ, (2) the vector field ν is tangent to H and has an inward direction, (3) H \ ∂H does not intersect S(f ), and (4) the restriction f | H is an immersion.
In this section we show that if a basis of a surgery H exists, then we can reduce γ by modification of f in a neighborhood of H. We assume that γ is connected and f has no other cusp singular points. The proof in the general case is similar.
We start with a description of the behavior of f in a neighborhood of γ. We recall that in special coordinates the standard cusp mapping g :
Lemma 7.1 There are product neighborhoods
is the product of the identity mapping of S 1 and the standard mapping g.
each of which is indexed by a point x ∈ γ and intersects the image of γ in f (x). The restriction of f on a neighborhood of γ followed by the natural projection of S 1 × D 2 onto f (γ) has rank 1 at every point. Hence the Inverse Function Theorem implies that there is a neighborhood S 1 × D 3 of γ consisting of small discs D For every point x ∈ γ, we claim that the restriction f x of f on D x is small, this implies the claim. In particular, in some coordinates the mapping f x has the standard cusp mapping form.
The collection of the mappings {f x } indexed by the points of an interval of γ can be viewed as a homotopy of the standard cusp mapping, which is known to be homotopically stable (for example see Theorem 7.1 in [8] ). Therefore there is a cover {I α } of the curve γ by intervals such that for each interval I α of the cover, the mapping f restricted on I α × D 3 is the product id α × g of the identity mapping of I α and the standard cusp mapping g.
The trivializations of {I
with common cover {I α } of S 1 and with transition mappings which agree with f . The latter means that each pair (ψ, φ) of the corresponding transition mappings belongs to the group stabilizing the standard cusp mapping g:
By Lemma 4 in [16] the group Aut(g) reduces to a subgroup conjugate to a linear compact subgroup. Thus Aut(g) reduces to a conjugate of a subgroup of SO 3 × SO 2 . Using special coordinates for the standard cusp mapping g, one can easily verify that the latter subgroup reduces to the trivial one. This completes the proof of the lemma.
We need one more preliminary observation. The standard cusp mapping g : Proof. By Lemma 7.1 there are product neighborhoods of γ and f (γ) which agree with f . Let (t 1 , t 2 , x, q) and (T 1 , T 2 , Z) be special coordinates in these neighborhoods. We may assume that
We define
We think about a tubular neighborhood of a submanifold as of a disc bundle. The properties (3) and (4) of the definition of a basis of a surgery guaranties that the submanifold H has a tubular neighborhood A such that the restriction of A on H ∩ V is in V , the intersection S(f ) ∩ ∂A is in the restriction of the bundle A on ∂H and the set A \ V contains no singular points of the mapping f . Let B denote the image of A. Then B is a line bundle over f (H).
For a manifold X we denote a small collar neighborhood of ∂X by CX.
Step by step we construct product structures of the parts A 1 , A 2 and A 3 of a collar neighborhood CA, then we make these structures agree on intersections and finally we definef in A as the product of the identity mapping of H and of f restricted on the fiber of A over some point p ∈ ∂H.
First, by the remark preceding the lemma, the manifolds B 1 = B| f (CH) and
and of a Morse function. We may assume that the restriction of this Morse function on CI × I ∪ I × CI is the projection along the second coordinate.
Next, we extend the product structure of B 1 to a product structure f (H) × I of B. Then we restrict this product structure on B 2 = f (H) × CI and define
The mapping f | A 2 is regular and therefore A 2 = H ×CI ×I is a trivial line bundle over B 2 with projection f | A 2 along the third coordinate.
Finally, we can find A 3 ⊂ A and a product structure
The connected components of A 2 and A 3 are orientable line bundles. Since the structure group of orientable line bundles reduces to the trivial group, we can make the third coordinates of A 1 , A 2 and A 3 agree on intersections. We fix an extension of the product structures of A 1 , A 2 and A 3 to a product structure H × I × I of A.
Let p ∈ ∂H and f p denote the restriction of f on the fiber of the bundle A over p. We letf (x) = f (x) for x ∈ M \ A and
It is easily verified thatf is a smooth mapping andf satisfies the requirements of the lemma.
Sufficient condition
The objective of this section is to prove that the condition e(f ) ∈ Q(M 4 ) is sufficient for existence of a fold mapping f : M 4 → R 3 . In view of Lemma 6.1 it completes the proof of Theorem 2.1.
Proof. The condition e(f ) ∈ Q(M 4 ) guarantees the existence of an orientable 2-submanifold S of M 4 with normal number e(f ).
The group H 2 (M 4 \ S; Z) is finitely generated. Fix a set of generators. Let e 1 , ..., e k be the set of those generators for which e i ∩ e i = 0 ∈ H 0 (M 4 \ S; Z), i = 1, ..., k. For every i = 1, ..., k, choose a connected surface F i representing the generator e i . Define the surfaceS as the union ∪F i . If necessary we modifỹ S to get an embedded surface which represents the same homology class [∪F i ].
Remark. For every orientable connected surface F ⊂ M 4 \ S with nontrivial normal bundle, the intersection F ∩S is not empty. Indeed, since the normal bundle of F is nontrivial, the surface F represents a nontrivial homology class
, where α i are integer coefficients. Let α t be a nontrivial coefficient. Then the intersection F ∩ F t consists of at least α t points.
Let us construct a mapping for which the setS ∪ S is the part of the singular set. We recall that we identify the base of a vector bundle with the zero section.
Lemma 8.2
There is a general position mapping h : T S → R 3 from a normal bundle T S of S in M such that the set S is the set of the definite fold singular points of h and h has no other singular points.
We postpone the proofs of this lemma and of the following lemma to the appendix.
Lemma 8.3
Let TS be a normal in M bundle overS. Then there is a general position mappingh : TS → R 3 such that the setS is the singular set ofh and every component ofS has at least one cusp singular point ofh.
There is a general position mapping g : M 4 → R 3 which extends h : T S → R 3 andh : TS → R 3 . In general the extension g has some swallowtail singular points. Let us prove that we may choose g to be a cusp mapping.
Ando (see Section 5 in [2] ) showed that the obstruction to the existence of a section of the bundle Ω The singular set S(g) consists of S ∪S and probably of some other connected submanifolds A 1 , ..., A k of M. We have e(f ) = e(S(g)) = e(S) + e(S) + e(A 1 ) + e(A 2 ) + ... + e(A k ).
The normal number of the submanifold S equals e(f ). Hence the sum of the normal numbers e(A 1 ) + ... + e(A k ) equals −e(S).
Let A t be a component of ∪A i . Suppose A t is a surface of the definite fold singular points. The surface A t is orientable (see Lemma 3.1) and does not intersect S ∪S. Hence e(A t ) = 0 (see Remark after Lemma 8.1). Suppose A t is a surface of indefinite fold singular points. Then again e(A t ) = 0 (see [17] or [1] ). Therefore e(A t ) is nontrivial only if the surface A t contains cusp singular points. Let us recall that the union of those components of the singular submanifold S(g) that contain cusp singular points is denoted by C = C(g). The equation (3) implies that e(C) = e(S) + e(A 1 ) + ... + e(A k ) = 0.
It remains to proof the following lemma.
is a cusp mapping and e(C) = 0, then there exists a homotopy of g eliminating all cusp singular points.
Proof. If C(g) is not connected, then there exists a homotopy of g to a mapping with one component of the curve of cusp singular points. We may require that the homotopy preserves the number C(g). We omit the proof of these facts since the reasonings are similar to those in section 7.
We will assume that C(g) is connected.
Lemma 8.5 Let ν(x) be a characteristic vector field on γ(g). If e(C) = 0, then ν(x) can be extended on C(g) as a normal to C(g) vector field.
Proof. For a general position mapping g : M 4 → R 3 , the set
is an immersed 3-manifold. The self-intersection points of F correspond to the points of the surface C − (g).
There are two fields of directions l 1 (x) and l 2 (x) over C − (g) [1] with the following property. For every point x of C − (g) there are a neighborhood U about x with coordinates (x 1 , x 2 , x 3 , x 4 ) and a neighborhood about g(y) such that the restriction g| U is (x 1 , x 2 , x 2 3 − x 2 4 ) and the directions of the vectors ∂/∂x 3 and ∂/∂x 4 coincide with l 1 (x) and l 2 (x) respectively. For the sake of shortness let us call L-pairs the pairs l 1 (x), l 2 (x) that satisfy the above condition.
Let F 1 ⊂ C − (g) denote the complement of a regular neighborhood of the curve γ(g) in C − (g). The proof of Lemma 3 in [1] shows that there is a vector field v(x) in the normal bundle over F 1 with directions l 1 (x) + l 2 (x) or l 1 (x) − l 2 (x) over the boundary ∂F 1 for some L-pair l 1 (x), l 2 (x).
Let p be a point of γ(g). We say that a direction at the point p is an xdirection if it is tangent to the surface S(f ) and transversal to the curve γ(g). Note that for a special coordinate neighborhood about a cusp singular point the direction of the vector ∂/∂x has an x-direction.
It is easily verified that L-pairs are tangent to F at every point x in C − (f ). Therefore, as x approaches the curve γ(g), the directions l 1 (x) and l 2 (x) approach the same x-directions. Hence the direction l 1 (x) + l 2 (x) or the direction l(x) − l 2 (x) approaches an x-direction as x approaches γ(f ). It implies that the vector field v(x) over F 1 has an extension on C − (g) such that v(x) is normal to C − (g) at every point of C − (g) and has an x-direction at every point of γ(g). If necessary, we multiply the vector field v(x) by −1 to get a vector field with directions over γ(g) toward C − (g). Now the vector field v(x) can be modified in a neighborhood of γ(g) so that a new v(x) is normal to C − (g) at every point of C − (g) and the restriction of v(x) on γ(g) is the characteristic vector field ν(x). Lemma 9.2 Let j 1 and j 2 be two general position sections M → J 2 (ξ, η). Then e(j 1 ) = e(j 2 ). That is the number e(j) does not depend on a section j.
is an open manifold. As in Lemma 4.2, there is a system of local coefficients F over E, the restriction F | Σ of which gives a Z-orientation of Σ. The Poincare homomorphism for cohomologies and homologies with twisted coefficients takes the fundamental class [Σ] onto some class τ ∈ H 2 (E, E \ Σ; F ). The class τ τ lies in the group H 4 (E, E \ Σ; Z). Let i be the composition
of the excision isomorphism and the inclusion homomorphism. We define h(ξ, η) = i(τ τ ). Then we claim that
This implies that e(j) depends only on the bundles ξ and η and the lemma is proved.
Now let us prove the claim.
Lemma 9.3 For every general position section j :
, the normal class of the surface j −1 (Σ) is given by (4). In particular for every mapping
Proof. Let A ⊂ M 4 denote the singular set Σ(f ) and B denote a tubular neighborhood of A. The tubular neighborhoods E of Σ and B of A may be viewed as vector bundles. Since the section j : B → E is transversal to Σ, we have a commutative diagram of vector bundles
The Thom class τ possesses the property of naturality. Hence the Thom class of the bundle B → A is j * (τ ). We have
Lemma 9.2 shows that the number e(j) depends only on the bundles ξ and η. That is why we will denote this number by e(ξ, η). Also if η is a trivial bundle we will write e(ξ) instead of e(ξ, η).
Lemma 9.5 (Ronga [14] )
, and (3) the embedding s is transversal to the submanifolds Σ i,j (ξ ⊕ ζ, η ⊕ ζ) and
We call the homomorphism s the stabilization homomorphism afforded by ζ. Let τ be the trivial linear bundle, ξ an orientable 4-bundle, η the trivial 3-bundle over M, and s the stabilization homomorphism afforded by τ . Lemma 9.5 allows to give a definition of e(f ) in terms of some cohomology class of
Lemma 9.6 There is a cohomology class
The proof of Lemma 9.6 is the same as that of Lemma 9.3.
Let D 4 be the standard 4-disc with boundary S 3 . Let ξ be the 4-bundle, η the 3-bundle and τ the line bundle over D 4 . Then the set of the regular points in 2 (Σ) are equal. Therefore this number depends only onf and we obtain a mapping e : π 3 (SO(5)) → Z.
Lemma 9.7
The mapping e : π 3 (SO(5)) → Z is a well defined homomorphism.
Proof. We need to verify that the equality
holds for every pair of elementsf 1 ,f 2 of π 3 (SO (5)).
be a section which leads tof i . We can modify f 1 by homotopy which does not intersect the singular set of J ∞ (ξ ⊕ τ, η ⊕ τ ) so that the sections f 1 and f 2 agree on some open subset of ∂D The singular set of the extension of f 3 is the union of the singular sets of the extensions of f 1 and f 2 . Therefore (6) holds.
Let g : S 3 → SO(5) be a generator of π 3 (SO (5)) and γ the number e(g). Let us calculate e(δ ⊕ τ ), where δ is the 4-vector bundle associated with the Hopf vector bundle S 7 → S 4 .
Lemma 9.8 e(δ) = e(δ ⊕ τ ) = γ, up to sign.
Proof. The sphere S 4 is a union of two discs D 1 and D 2 with ∂D 1 = ∂D 2 . The restrictions of the bundle δ on D 1 and on D 2 are trivial. A choice of trivializations of δ over D 1 and D 2 defines a gluing homeomorphism
where id : S 3 → S 3 is the homeomorphism identifying the boundaries ∂D 1 → ∂D 2 and α(x) takes the fiber of δ ⊕ τ over a point x ∈ ∂D 1 into the fiber of δ ⊕ τ over the point id(x) ∈ ∂D 2 .
Let J 0 denote the complement of the set of the singular points in J ∞ (δ ⊕τ, η ⊕ τ ). J 0 consists of those jets whose 1-jet components are surjective homomorphisms k x : (δ ⊕ τ ) x → (η ⊕ τ ) x . Since these two sets are homotopy equivalent, we can identify J 0 with the set of such homomorphisms. 
Let k denote a section of J 0 over D 1 which takes each x ∈ D 1 into the homomorphism k x corresponding to 1 ∈ SO(5). Then (8) implies that the gluing homomorphism id ×α(x) takes k over ∂D 1 into a section over ∂D 2 which at every point y = id(x) is a homomorphism α −1 (y) ∈ SO(5) = J 0 . Therefore e(δ) = ±γ. Lemma 9.9 There is an integer q such that e(T CP 2 ) = 1 + qγ.
Proof. There is a mappingf of a regular neighborhood E of CP 1 ⊂ CP 2 into R 3 such that the singular set off is CP 1 (see Lemma 8.2) . Let f be a general position extension off on CP 2 . The number e(f ) is the sum of the normal number of CP 1 and the normal number of the surface of singular points which lies in the disc D 4 = CP 2 \ E. The latter number is a multiple of γ. Hence for some q, e(f ) = 1 + qγ.
To calculate the exact value of e(T CP 2 ) we use the notion of the connected sum of two bundles.
For i=1,2, let M i be a closed orientable 4-manifold and ξ i an orientable 4-vector bundle over M i . Identifying the fiber of ξ 1 over some point in M 1 with the fiber of ξ 2 over some point in M 2 , we obtain a bundle over M 1 ∨M 2 , which is transfered to a bundle over M 1 #M 2 by a natural mapping M 1 #M 2 → M 1 ∨M 2 . We denote the resulting bundle over M 1 #M 2 by ξ 1 #ξ 2 . It follows that the additivity properties p 1 (ξ 1 #ξ 2 ) = p 1 (ξ 1 ) + p 1 (ξ 2 ) and e(ξ 1 #ξ 2 ) = e(ξ 1 ) + e(ξ 2 ) take place.
Lemma 9.10 e(T CP
2 ) = 3.
Proof. Let δ be the bundle over S 4 with p 1 (δ) = 2. Corollary 9.8 implies that e(δ) = ±γ. For K = 2CP 2 , we have p 1 (T K#3δ) = 0. Lemma 9.4 shows that e(T K#3δ) is also zero. By additivity, 0 = e(T K#3δ) = −2(1 + qγ) ± 3γ.
Since q and γ are integers, we conclude that e(T K) = ±6. Hence e(T CP 2 ) = ±3. On the other hand it is known [21] that e(T CPid 3 × m 3 :Ḋ × D 2 →Ḋ × I 3 is a fold mapping. Let V be the intersection ofḊ and a tubular neighborhood of ∂D inS. Then V is diffeomorphic to S 1 ×(0, 1). We identify the part V × D 2 of E 3 =Ḋ × D 2 with the part S 1 × (0, 1) × D 2 of E 2 ⊂ E 1 ∪ ∼ E 2 and the part V ×I 3 of B 3 =Ḋ ×I 3 with the part S 1 ×(0, 1)×I 3 of B 2 ⊂ B 1 ∪ ∼ B 2 so that (1) E = E 1 ∪ ∼ E 2 ∪ ∼ E 3 and B = B 1 ∪ ∼ B 2 ∪ ∼ B 3 are manifolds, (2) the mapping id 3 ×m 3 coincides with c on the common part of the domains, (3) the manifold E is diffeomorphic to TS.
The condition (3) can be achieved since the mapping m 3 does not change under rotations of the fiber D 2 .
Then id 3 × m 3 and c define a cusp mapping TS → B. Note that B ≈S × I 3 is an open orientable 3-manifold. Thus, it admits an immersion into R 3 . The composition of TS → B and the immersion B → R 3 is a cusp mapping satisfying the conditions of the lemma.
